Introduction
The purpose of this paper is to establish a formula which associates with any two solutions of a partial difference equation with constant coefficients a new solution which is represented as a convolution product. This product is based upon a discrete analogue of Green's formula in the plane. The first four of the above equations are self-explanatory;
the-last refers to the theory of discrete analytic functions 3 and solutions of this equation are termed discrete analytic. It was shown by Duffin and Duris [1] that, given two solutions w(z) and u(z) of (7) there is a new solution $(z) = w*u^ where "*"
was termed a convolution product. This product is both commutative and associative. In this paper we also introduce a convolution product for solutions of an arbitrary difference equation of the class described. We shall designate this product as ^(z) = w*u;
in generalj however, this product is neither commutative nor associative.
We pattern our product after a formula given by Hans Lewy [5] 3 who was concerned with the corresponding problem for partial differential equations. The formula of Lewy has several applications in the theory of partial differential equations; in particular we refer to the paper by Lehman and Lewy [6] .
To develop the formula in the context of discrete function theory, we first of all need a close analogue of Green's formula in the plane. We express this as:
here M is the adjoint difference operator, and E is a set of lattice points in the complex domain. On the right of this formula is a Stieltjes-type integral evaluated on a closed contour MB termed the median boundary of E, and oc denotes certain Then (2-3) may be written
This may be termed a first analogue of Green's formula for partial difference equations.
• Green's formula as a line integral
It is proposed to formulate the right side of Green's formula the points at which MB crosses an edge of the primal lattice. For a specified translation T, define the sets of lattice points:
Noting that if A (p ) contains more than one element 9 Ta crosses MB in the same direction, VaeA(p ) , we now define a step function on the set p n ,p^, . .
• ,p % , as follows: which makes at most one left turn. Also it is important to note here that for a fixed i and j, the integrand of p.. and p.. is a function of j8 alone; i.e., the usual f (ot,fi) of (3-2) may here be written f(6) .
The desired result is thus a special case of the more general
under the condition that the respective paths on the dual lattice, P. and P., can exhibit at most a single left turn and f(j3) is an arbitrary function. However, to establish this it is sufficient to consider the case f (#) =0 except if j3 has the special value In the first two cases^ the left side of (5-6) vanishes. In the third case, the left side of (5-6) becomes *f(j8 ), the sign being determined by the direction of crossing.
Next consider the path P.
• set = T. ]S and consider 3 o the translation vector T. and P. and T. GL , respectively, are indistinguishable except for the sense of direction, A typical case is illustrated in Figure 5 . Thus it may be concluded that
and that the direction of crossing in the cases (iii) and (iii)' must be opposite. It is also important to note that j3 serves as the terminus of both T.o: and T. OL , assuring that, in the case of (iii), both sides of (5-6) have a common value of if(# ) .
It is interesting to note that when i = j, case (iii) is Table 1 .
